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A COMMENT ON SOME NEW DEFINITIONS OF FRACTIONAL
DERIVATIVE
ANDREA GIUSTI:
Abstract. After reviewing the definition of two differential operators which have been
recently introduced by Caputo and Fabrizio and, separately, by Atangana and Baleanu,
we present an argument for which these two integro-differential operators can be un-
derstood as simple realizations of a much broader class of fractional operators, i.e. the
theory of Prabhakar fractional integrals. Furthermore, we also provide a series expan-
sion of the Prabhakar integral in terms of Riemann-Liouville integrals of variable order.
Then, by using this last result we finally argue that the operator introduced by Caputo
and Fabrizio cannot be regarded as fractional. Besides, we also observe that the one
suggested by Atangana and Baleanu is indeed fractional, but it is ultimately related to
the ordinary Riemann-Liouville and Caputo fractional operators. All these statements
are then further supported by a precise analysis of differential equations involving the
aforementioned operators. To further strengthen our narrative, we also show that these
new operators do not add any new insight to the linear theory of viscoelasticity when
employed in the constitutive equation of the Scott-Blair model.
1. Introduction
The mathematical literature, mostly in the last three years, has seen an intensive infla-
tion of papers proposing some “new” or “alternative” notions of fractional derivatives.
In this letter we aim to discuss the connection between two of the most known new op-
erators, namely the Caputo-Fabrizio (CF) operator and the regularized Atangana-Baleanu
operator (ABC), with the theory of Prabhakar fractional integrals.
First, let us start by recalling the definition of the CF operator [1],
CFDαa`fptq “ Mpαq1´ α
ż t
a
exp
„
´ α
1´ α pt´ τq

f 1pτq dτ ,(1.1)
where f P L1 pa, bq, b ą a, f 1ptq represents the first derivative of fptq, Mpαq is a normal-
ization constant such that Mp0q “Mp1q “ 1 and 0 ă α ă 1.
A simple and natural generalization of the CF operator can be obtained by replacing
the exponential kernel in (1.1) with a function involving the Mittag-Leffler function [2]
(with one parameter), i.e.
Eαpzq “
8ÿ
k“0
zk
Γpαk ` 1q , z, α P C, Repαq ą 0 .(1.2)
Indeed, if we consider the kernel
ABCKαptq :“ Eα
ˆ
´ α
1´ α t
α
˙
,
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2 ANDREA GIUSTI:
this leads to the so called Atangana-Baleanu operator in the Caputo sense (ABC deriva-
tive), that reads [3]
ABCDαa`fptq “ Bpαq1´ α
ż t
a
Eα
„
´ α
1´ α pt´ τq
α

f 1pτq dτ ,(1.3)
where f P H1 pa, bq, b ą a, Bpαq is a normalization constant such that Bp0q “ Bp1q “ 1
and 0 ă α ă 1, in analogy with the CF case.
It is now important to discuss some aspects concerning the notion of fractional derivative
from an historical and terminological perspective, as these observations will turn out to
be useful for the concluding remarks.
The “old fashioned” formulation of fractional calculus [4,5] presents the notion of frac-
tional derivative as a concept strongly connected with the Riemann-Liouville fractional
integral. The latter, in fact, represent a natural extension (just an analytic continua-
tion) of the well known Cauchy formula for repeated integration, justifying the attribute
“fractional” appearing in its name.
According to this perspective, one can proceed to define some fractional derivatives
as the left-inverse of the Riemann-Liouville integral. This is the case of the Riemann-
Liouville, Caputo, Gru¨nwald-Letnikov and several other derivatives (see e.g. [4–7]).
On the same line of thought, the attribute “fractional” would still fit, in the old fash-
ioned sense, in connection with differential operators representing the left-inverse of a
generalization of the Riemann-Liouville integral. This is indeed the case of the Prabhakar
derivative [12–21].
Nonetheless, it is worth remarking that some more modern criteria for the definition
of fractional derivative have been proposed by Ortigueira and Tenreiro Machado in [8],
even though the “old fashioned” view is already more then enough for supporting the
arguments presented in this paper.
2. Prabhakar function and integral kernel
One of the most important generalizations of the Mittag-Leffler function (1.2) is the so
called Prabhakar function (see e.g. [10–20]), also known as the three parameters Mittag-
Leffler function, which is defined by its series representation as
Eγα,βpzq “
8ÿ
k“0
pγqk
Γpαk ` βq
zk
k!
,(2.1)
where z P C, α, β, γ P C, Repαq ą 0, and where pγqk is the Pochhammer (rising factorial)
symbol, that can also be rewritten as pγqk “ Γpγ ` kq{Γpγq.
Now, starting from (2.1) it is possible to define a function, known as the Prabhakar
kernel and given by
eγα,βpω; tq :“ tβ´1Eγα,βpωtαq ,(2.2)
where t P R, α, β, γ, ω P C and Repαq ą 0.
This allows us to introduce the so called Prabhakar fractional integral [17], i.e.
Eγα,β,ω,a` fptq “
ż t
a
eγα,βpω; t´ τq fpτq dτ ,(2.3)
where 0 ď a ă t ă b ď `8 and f P L1 pa, bq.
The Prabhakar function defined in Eq. (2.1) is an entire function of order Repαq´1 and
type one provided that α, β, γ P C, Repαq ą 0. We can then use this property to prove the
following non-trivial result
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Theorem 1. Let f P L1 pa, bq, with b ą a and a, b P R. Then,
Eγα,β,ω,a` fptq “
8ÿ
k“0
pγqk ωk
k!
Jαk`βa` fptq.(2.4)
provided that α, β P R`, γ, ω P C and where
Jσa`fptq :“ 1Γpσq
ż t
a
fpτq pt´ τqσ´1 dτ ,
is the Riemann-Liouville fractional integral, with σ P R`.
Proof. From Eq. (2.1) and Eq. (2.3) we have
Eγα,β,ω,a` fptq “
ż t
a
eγα,βpω; t´ τq fpτq dτ “
“
8ÿ
k“0
pγqk ωk
Γpαk ` βq k!
ż t
a
pt´ τqαk`β´1 fpτq dτ “
“
8ÿ
k“0
pγqk ωk
k!
Jαk`βa` fptq

3. CF and ABC operators & Prabhakar fractional integrals
In [21] it was argued that the Caputo-Fabrizio operator can actually be reinterpreted
as a simple realization of a Prabhakar fractional integral. Indeed, if we recall that
E11,1pωtq “ exppω tq ,
therefore
e11,1pω; tq “ exppω tq ,
then one can easily infer that
Theorem 2. Let f P ACpa, bq, with b ą a, a, b P R and let 0 ă α ă 1, then
CFDαa`fptq “ Mpαq1´ α E
1
1,1,ωpαq,a` f
1ptq .(3.1)
where ωpαq “ ´α{p1´ αq.
Proof. Indeed, if we consider the definition in Eq. (1.1) and the fact that e11,1pω; tq “
E11,1pωtq “ exppω tq, we have
CFDαa`fptq “ Mpαq1´ α
ż t
a
exp
„
´ α
1´ α pt´ τq

f 1pτq dτ “
“ Mpαq
1´ α
ż t
a
E11,1
„
´ α
1´ α pt´ τq

f 1pτq dτ “
“ Mpαq
1´ α
ż t
a
e11,1
ˆ
´ α
1´ α ; t´ τ
˙
f 1pτq dτ “
“ Mpαq
1´ α E
1
1,1,ωpαq,a` f
1ptq .

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Remark. Here ACpa, bq represents the class of absolutely continuous functions. For these
kind of functions it is important to recall that if f P ACpa, bq then f is differentiable on
pa, bq and f 1 P L1pa, bq.
A similar argument can be presented also for the Atangana-Baleanu operator (in the
Caputo sense).
Theorem 3. Let f P ACpa, bq, with b ą a, a, b P R and let 0 ă α ă 1, then
ABCDαa`fptq “ Bpαq1´ α E
1
α,1,ωpαq,a` f
1ptq .(3.2)
where, again, ωpαq “ ´α{p1´ αq.
Proof. Indeed, given that
e1α,1pω; tq “ Eαpω tαq ,
it is not difficult to see that
ABCDαa`fptq “ Bpαq1´ α
ż t
a
Eα
„
´ α
1´ α pt´ τq
α

f 1pτq dτ “
“ Bpαq
1´ α
ż t
a
e1α,1
ˆ
´ α
1´ α ; t´ τ
˙
f 1pτq dτ “
“ Bpαq
1´ α E
1
α,1,ωpαq,a` f
1ptq .

Using these results, it is now interesting to see if one can infer something about the
fractional nature of the CF and ABC operators and whether they are really needed on
their own.
Starting with the Caputo-Fabrizio operator it is easy to see that
Theorem 4. Let f P ACpa, bq, with b ą a, a, b P R and let 0 ă α ă 1, then
CFDαa`fptq “ ´ Mpαq fpa
`q
1´ α exp
„
´α pt´ aq
1´ α

` Mpαq
1´ α
8ÿ
k“0
ˆ
´ α
1´ α
˙k
Jka`fptq .
(3.3)
Proof. Due to Theorem 2, one just need to observe that
CFDαa`fptq “ Mpαq1´ α E
1
1,1,ωpαq,a` f
1ptq ,(3.4)
with ωpαq “ ´α{p1´ αq.
Therefore, because of Theorem 1
CFDαa`fptq “ Mpαq1´ α
8ÿ
k“0
ωpαqk Jk`1a` f 1ptq ,(3.5)
where we have used the fact that p1qk “ k!.
Now, recalling that
Jk`1a` f 1ptq “ Jka` rfptq ´ fpaqs “ Jka`fptq ´ fpaq pt´ aq
k
k!
,
from which one can easily connect Eq. (3.5) with Eq. (3.3). 
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This result tells us that the CF operator is nothing but an infinite linear combination
of ordinary (integer power) repeated integrals of the function fptq and, therefore, it does
not lead to a fractional behaviour in linear systems whose dynamics is governed by such
an operator.
A similar result can also be obtained for the ABC operator, indeed one finds that
Theorem 5. Let f P ACpa, bq, with b ą a, a, b P R and let 0 ă α ă 1, then
ABCDαa`fptq “ ´ Bpαq fpa
`q
1´ α Eα
„
´α pt´ aq
α
1´ α

` Bpαq
1´ α
8ÿ
k“0
ˆ
´ α
1´ α
˙k
Jαka` fptq .
(3.6)
Proof. As above, from Theorem 3 one has that
ABCDαa`fptq “ Bpαq1´ α E
1
α,1,ωpαq,a` f
1ptq ,(3.7)
with ωpαq “ ´α{p1´ αq.
Thus,
ABCDαa`fptq “ Bpαq1´ α
8ÿ
k“0
ωpαqk Jαk`1a` f 1ptq “
“ Bpαq
1´ α
8ÿ
k“0
ωpαqk Jαka` rfptq ´ fpaqs “
“ Bpαq
1´ α
8ÿ
k“0
ωpαqk
„
Jαka`fptq ´ fpaq pt´ aq
αk
Γpαk ` 1q

,
(3.8)
from which we can recover Eq. (3.6) just by recalling the series expansion of the one-
parameter Mittag-Leffler function. 
This last theorem tells us that, after all, the ABC operator is ultimately a fractional
one. However, it is nothing but an infinite series involving Riemann-Liouville integrals of
order αk, with k P N. This suggests that a linear system expressed in terms of such an
operator leads to a fractional dynamics formally equivalent to a model involving a sort of
combination of Caputo fractional derivatives.
4. On Differential Equations involving the CF and ABC operators
In the previous section we used an interesting property of Prabhakar integrals to hint
at the fact that the CF and ABC operators might not represent a significant improvement
for the literature on the theory of fractional calculus. In this section we further support
this statement by analysing the structure of a general differential equation of the form
Dαyptq “ F rt, yptqs ,(4.1)
with F rt, yptqs being a sufficiently regular functional of t ą 0 and yptq, and Dα representing
either the CF or the ABC operator for α P p0, 1q and a “ 0.
By means of the Laplace transform method one can easily prove the following results:
Theorem 6. Let us consider the differential equation
CFDα0`yptq “ F rt, yptqs ,(4.2)
with α P p0, 1q.
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Then, we can recast the latter in the following form,
dyptq
dt
“ 1´ α
Mpαq
d
dt
F rt, yptqs ` α
Mpαq F rt, yptqs `
1´ α
Mpαq F r0
`, yp0`qs δptq ,(4.3)
which is an ordinary differential equation of the first order on the space of tempered dis-
tribution over R`.
Proof. First, let us recall the Laplace transform for the CF operator,
L  CFDα0`fptq ; s( “ Mpαq1´ α s rfpsq ´ fp0`qs` α1´α ,
with rfpsq ” Lrfptq ; ss representing the Laplace transform of the function fptq.
If the Laplace transform the applied to both sides of Eq. (4.2), one gets
Mpαq
1´ α
s rfpsq ´ fp0`q
s` α1´α
“ rΦpsq ,(4.4)
where we denoted Φptq ” F rt, yptqs.
Now, one can easily manipulate algebraically Eq. (4.4) and recast it as follows
Mpαq rs rypsq ´ yp0`qs “ p1´ αq ˆs` α
1´ α
˙ rΦpsq
“ p1´ αq s rΦpsq ` α rΦpsq(4.5)
“ p1´ αq rs rΦpsq ´ Φp0`qs ` p1´ αqΦp0`q ` α rΦpsq .
Hence, inverting back to the time domain and recalling that
Lrf 1ptq ; ss “ s rfpsq ´ fp0`q , Lrδptq ; ss “ 1 ,
then we get exactly Eq. (4.3). 
Theorem 7. Let us consider the differential equation
ABCDα0`yptq “ F rt, yptqs ,(4.6)
with α P p0, 1q.
Then, we can recast the latter in the following form,
CDα0`yptq “ 1´ αBpαq
CDα0`F rt, yptqs ` αBpαq F rt, yptqs `(4.7)
` p1´ αq t
´α
BpαqΓp1´ αq F r0
`, yp0`qs ,
which is a fractional differential equation of order on α P p0, 1q over R` that involves only
Caputo factional derivatives (i.e. CDα0`fptq :“ J1´α0` f 1ptq for α P p0, 1q).
Proof. One shall proceed in analogy with the proof of Theorem 6. Specifically, one should
recall that
LrCDα0`fptq ; ss “ sα rfpsq ´ sα´1 fp0`q ,
for α P p0, 1q, and that
Lrtp ; ss “ Γpp` 1q
sp`1 , p ą ´1 .

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Equivalently, by recasting the expressions in Eq. (4.5) (or just by integrating both sides
of Eq. (4.4)), one can also show that Eq. (4.2) is formally equivalent to
yptq “ yp0`q ` 1´ α
Mpαq F rt, yptqs `
α
Mpαq
ż t
0
F rτ, ypτqs dτ ,(4.8)
which is nothing but an (ordinary) integral equation for the function yptq.
By following a similar procedure for the ABC case, one can easily find that Eq. (4.6) is
formally equivalent to
yptq “ yp0`q ` 1´ α
Bpαq F rt, yptqs `
α
Bpαq J
α
0`F rt, yptqs ,(4.9)
that, again, is nothing but a fractional integral equation for the function yptq involving
only the Riemann-Liouville fractional integral.
5. Physical remarks: the Scott-Blair model
Let us now discuss some physical implications of the application of these alleged new
fractional operators in linear viscoelasticity. In particular, let us consider as a working
example the so called Scott-Blair model [6, 22], i.e.
σptq “ η CDα0`εptq , α P p0, 1q ,(5.1)
with σ and ε denoting respectively the stress and strain function for the considered ma-
terial, η ą 0 being the viscosity term and t ą 0 representing the non-dimensional time
variable (i.e. the time rescaled by the characteristic time-scale of the system).
Recalling that, in linear viscoelasticity, the relaxation modulus Gptq has the following
property [6, 22], rσpsq “ s rGpsqrpsq ,
in the Laplace domain, then it is easy to see that
GScott-Blairptq “ η
Γp1´ αq t
´α ,(5.2)
assuming εp0`q “ 0 (see e.g. [6, 22,23]).
It is now interesting to see what happens if we replace the Caputo fractional derivative
with the CF or the ABC operator.
Employing the CF operator in Eq. (5.1), again assuming εp0`q “ 0, one can easily
compute the relaxation modulus of the resulting model in the Laplace domain, i.e.
rGCF psq “ ηMpαq
1´ α
ˆ
s` α
1´ α
˙´1
,(5.3)
that, once inverted back to the time domain gives
GCF ptq “ ηMpαq
1´ α exp
ˆ
´ α
1´ α t
˙
,(5.4)
from which we can infer, by comparing this relaxation modulus with the well established
results discussed in [6, 22], that a Scott-Blair model involving the CF operator is nothing
but an ordinary Maxwell model with a rescaled glass modulus (i.e. Gp0`q) and a relaxation
time rescaled by a factor p1´ αq{α.
Analogously, if we perform the same analysis for a Scott-Blair model involving the ABC
operator, one can easily conclude that
GABCptq “ η Bpαq
1´ α Eα
ˆ
´ α
1´ α t
α
˙
,(5.5)
8 ANDREA GIUSTI:
that, again, is nothing but a fractional Maxwell model of order α with rescaled glass
modulus and relaxation time.
A pictorial comparison between the relaxation moduli obtained from the traditional
Scott-Blair model and the results displayed in Eq. (5.4) and Eq. (5.5) is provided in
Figure 1. Specifically, from this plot we can immediately infer that GABCptq clearly
shows a short-time stretched exponential decay (with an infinite negative derivative) that
transitions continuously to a power low decay for long times, which is the main feature of
the fractional Maxwell model. Whereas, if we consider the behaviour of GCF ptq one can
clearly see that, while the Scott-Blair model involving the ABC operator can somehow
resemble the typical Scott-Blair behaviour for long times („ t´α), the model with the
CF operator features a purely exponential fall-off, which is what one would expect from
a purely ordinary theory. Besides, as stressed above, the relaxation modulus GCF ptq
corresponds to the one of the ordinary Maxwell model with rescaled glass modulus and
relaxation time.
0 1 2 3 4 5
0.5
1.0
1.5
2.0
α=0. 5
t
Figure 1. Comparison between the Scott-Blair relaxation modulus (solid
line), GCF ptq{Mpαq (dashed line) and GABCptq{Bpαq (dotted line), for
η “ 1 and α “ 0.5.
Consequently, from the results of this section one can fairly conclude that, even from
a purely physical perspective, the CF and ABC differential operators do not seem to add
anything new to the realm of applications of fractional calculus to physical systems.
6. Concluding remarks
In light of the old feshoned definition of fractional derivative, one can infer that the CF
and ABC operators do not meet any of the requirements for them to be referred to as new
fractional derivatives. In particular, in view of Theorem 4 and 6 one can definitely state
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that the CF is neither a new definition of fractional derivative nor a fractional operator,
as it was also stressed in [24,25]. Whereas, from Theorem 5 and 7, one can conclude that
the ABC operator has still some resemblance of a fractional nature, even thought it does
not provide any real improvement with respect to the theory of fractional calculus based
on the Caputo derivative or, more generally, with respect to the Prabhakar calculus.
Furthermore, in Section 5 we have shown that these two operators do not seem to add
any new insight to the (already well established) theory of linear viscoelasticity, as they
induce a mere reformulation of some well known results when employed in the constitutive
equation for a given material.
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Note Added
After the publication this paper, we became aware of the work by Fernandez and
Baleanu [26] in which the authors provide an alternative derivation of Eq. (3.6). We
thank Abdon Atangana for bringing this reference to our attention.
The independent derivation presented here follows directly, as a very particular case,
from a general result concerning Prabhakar integrals (i.e. Theorem 1, introduced and
proved in this manuscript).
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